Sudden singularities occur in FRW spacetimes when the scale factor remains finite and different from zero while some of its derivatives diverge. After proper rescaling, the scale factor close to such a singularity at t = 0 takes the form a(t) = 1 + c|t| η (where c and η are parameters and η ≥ 0). We investigate analytically and numerically the geodesics of free and gravitationally bound particles through such sudden singularities. We find that even though free particle geodesics go through sudden singularities for all η ≥ 0, bound systems get dissociated for a wide range of the parameter c. For η < 1 bound particles receive a diverging impulse at the singularity and get dissociated for all positive values of the parameter c. For η > 1 (Sudden Future Singularities (SFS)) bound systems get a finite impulse that depends on the value of c and get dissociated for values of c larger than a critical value ccr(η, ω0) > 0 that increases with the value of η and the rescaled angular velocity ω0 of the bound system. We obtain an approximate equation for the analytical estimate of ccr(η, ω0). We also obtain its accurate form by numerical derivation of the bound system orbits through the singularities. Bound system orbits through Big Brake singularities (c < 0, 1 < η < 2) are also derived numerically and are found to get disrupted at the singularity. However, they remain bound for all values of the parameter c considered.
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We also obtain its accurate form by numerical derivation of the bound system orbits through the singularities. Bound system orbits through Big Brake singularities (c < 0, 1 < η < 2) are also derived numerically and are found to get disrupted at the singularity. However, they remain bound for all values of the parameter c considered.
I. INTRODUCTION
The observed accelerating expansion [1] [2] [3] of the universe has opened new windows for possible exotic physics on cosmological scales. The simplest model, ΛCDM [4] , based on the existence of a cosmological constant remains consistent with most cosmological observations including the cosmic microwave background (CMB) [5] , baryon acoustic oscillations [6, 7] large scale velocity flows [8] Type Ia supernovae [9] , growth rate of perturbations data [10] [11] [12] [13] , gamma ray burst data [14] [15] [16] , H(z) data [17] , strong and weak lensing data [18] , HII galaxy data [19] , fast radio burst data [20] , cluster gas mass fraction data [21, 22] etc. However, some inconsistencies of ΛCDM parameter estimates from specific datasets are beginning to emerge including inconsistent estimates of the Hubble parameter [23] [24] [25] [26] [27] in the context of ΛCDM from different datasets, estimates of the amplitude of the (linear) power spectrum on the scale of 8h −1 M pc (σ 8 ) [4] and estimates of the matter density parameter Ω 0m [28] . In addition to these preliminary observational inconsistencies, there are naturalness theoretical arguments that indicate that physics beyond the standard ΛCDM model remain a viable possibility [1] [2] [3] .
A variety of extensions of ΛCDM predict the existence (mostly in the future) of a wide range of singularities [29] [30] [31] [32] . These singularities can be either geodesically incomplete (eg [33] [34] [35] [36] ) (geodesics do not continue beyond the singularity and the universe ends at the classical level) or geodesically complete [32] (geodesics continue beyond the 1 on leave from the Department of Physics, University of Ioannina, 45110 Ioannina, Greece * leandros@uoi.gr singularity and the universe may remain in existence).
Geodesically incomplete singularities include the Big Rip [33, 34] where the scale factor diverges at a finite future time due to infinite repunsive forces of phantom dark energy, the Little Rip [37] and the PseudoRip [38] where the divergence occurs at the infinite future time. They also include the Big Crunch where the scale factor vanishes due to the strong attractive gravity of future evolved dark energy eg in quintessence models with negative potentials [35, 36, 39, 40] . Modified gravity, quantum effects and cosmological models that violate the cosmological principle have been shown to weaken or eliminate both geodesically complete and geodesically incomplete singularities [41] [42] [43] [44] [45] [46] [47] [48] [49] [50] [51] [52] [53] [54] [55] [56] Geodesically complete singularities involve a divergence of a derivative of the scale factor a while the scale factor remains finite and different from zero. Such singularities may involve divergence of the Ricci scalar (R = 6 a 2 äa +ȧ 2 + k for FRW metric) and Riemann tensor components. Despite of this divergence the geodesics are well defined through the time of the singularity and the Tipler and Krolak integrals [30, 57, 58] of the Riemann tensor components along the geodesics remain finite in most cases. The Tipler [57] integral is defined as
while the Krolak integral [58] is defined as
where τ is the affine parameter along the geodesic. The components of the Riemann tensor are expressed in a frame that is parallel transported along the geodesics.
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These integrals express the time integrals of the tidal forces along geodesics. A finite Krolak integral means that a cosmological comoving observer on a bound system will experience a finite impulse at the singularity and thus it is possible that the bound system will survive through the singularity. On the other hand a diverging Krolak integral implies an infinite impulse which will dissociate all bound systems at the time of the singularity. However, free particle geodesics may go through such singularity. Since the Riemann tensor components involve up to second order derivatives of the scale factor, both integrals (1.1) and (1.2) are finite if the scale factor has finite first derivative at the singularity even if the second derivative diverges. If however, the first derivative of the scale factor diverges then only the Tippler integral is finite while the Krolak integral diverges at the geodesically complete singularity and bound systems are expected to dissociate due to the infinite impulse they receive at the singularity. Singularities where the above integrals diverge are strong singularities.
By solving the Friedman equations with respect to the pressure and density we may translate the possible divergence of the derivatives of the scale factor at the geodesically complete singularities to divergence of the density and pressure as well as to possible violation of energy conditions. Thus using the equations
it becomes clear that when the first derivative of the scale factor is finite at the singularity but the second derivative diverges (Sudden Future Singularities (SFS) [29] ) the density is finite but the pressure diverges. Near a geodesically complete singularity occurring (with no loss of generality) at coordinate time t = 0, the scale factor after proper rescaling may be expressed in the form [31, 59] 
where c and η are parameters and for geodesic completeness we assume η ≥ 0. For 0 < η < 1 the first derivative (and higher) of the scale factor diverges at the singularity (finite scale factor singularity) while for 1 < η < 2 the second derivative (and higher) diverge at the singularity (SFS). For c < 0 and 1 < η < 2 the SFS is known as Big Brake [48, 52] due to the negative sign of the diverging second derivative (deceleration) of the scale factor.
Comoving free particle geodesics in a FRW metric approaching a geodesically complete singularity are easily obtained by solving the geodesic equation for the radial coordinate which may be written as
where we used eq. (1.5). Eq. (1.6) may also be trivially obtained by demanding that theρ = 0 where ρ ≡ r a is the comoving coordinate of a comoving observer (not to be confused with the density). As will be discussed in the next section, eq. (1.6) has finite well behaved solutions for all η ≥ 0 (finite scale factor at the singularity t = 0) even though the expansion 'force'ä a r and the first derivative of the scale factor may diverge at the singularity. Therefore all singularities involving a finite scale factor are geodesically complete [60] .
Geodesically complete singularities where the scale factor behaves like eq. (1.5) are obtained in various physical models including quintessence pontentials of the form [61] 
with 0 < n < 1 and A a constant. In this class of models, it may be shown that when φ = 0 the first and second derivatives of the scale factor are finite while the third derivative diverges. This behaviour corresponds to 2 < η < 3 in eq. (1.5). Other physical models with geodesically complete singularities include tachyonic models [62] , modified gravity [54] , loop quantum gravity [56] , anti-Chaplygin gas [63] , brane models [46] etc.
The presence of geodesically complete singularities in our past light-cone is in principle possible and consistent with current observational data. Constraints on such abrupt events have been obtained in Refs. [64, 65] using standard ruler and standard candle cosmological data constraining the form of the past expansion history of the universe. The possible existence of such events in the future light cone has also been investigated under specific assumptions of the functional form of the future Hubble expansion rate [66] [67] [68] [69] [70] [71] [72] .
An important effect of geodesically complete singularities is the disruption or dissociation of bound systems. Geodesically complete singularities with diverging second time derivative but finite first derivative (SFS corresponding to 1 < η < 2) of the scale factor induce a finite impulse on geodesics which disrupts and may even dissociate bound systems for large enough impulse (large values of c in eq. (1.5)). In cases where the first derivative is diverging the induced impulse is infinite and all bound systems dissociate.
Signatures of bound system disruption due to SFS may be observable in galaxies or clusters leading to additional constraints on the possible existence of such abrupt events in our past light cone. The goal of the present study is to use geodesic equations in order to identify the type of distortion induced on bound systems by SFS. We will also identify the range of parameters for which the distortion of the bound systems is large enough to lead to dissociation.
The structure of this paper is the following: In the next section we review the derivation of the gravitationally bound particle geodesics in an expanding background and in physical coordinates. The properties of these equations at the SFS is also reviewed and the special case of a free particle is identified. In section III, the free particle geodesics are obtained by solving the geodesic equation both analytically and numerically for specific initial conditions. The geodesics corresponding to a bound particle going through a SFS are obtained numerically in section IV as a function of the parameters c, η and the angular velocity ω 0 of the bound particle. The range of parameters that lead to dissociation of the bound systems is identified and the form of the geodesics for both dissociated and disrupted systems is obtained. Finally in section V we summarise and discuss possible extensions of the present analysis.
II. GEODESIC EQUATIONS IN PHYSICAL COORDINATES
The metric describing the spacetime around a point mass M embedded in an expanding background in the Newtonian limit (weak field, low velocities) is of the form [34] 
(2.1) This metric is adequate for our analysis as long as 2GM a(t)ρ 1 which is consistent with our assumption of a finite scale factor. Using physical coordinates
it is straightforward to obtain the geodesics corresponding to metric (2.1) as
where L is the conserved angular momentum per unit mass. Using equations (2.4) and (2.3) we obtain the radial equation of motion of a test particle as
We now rescale eq. (2.5) using a time scale t 0 (initial time) and a spatial scale r 0 (initial circular orbit radius). We also defineφ(t 0 ) = ω 0 ≡ In what follows we will omit the bar for convenience but we keep using dimensionless quantities. In the spacial case where we have no expansion (a = 1) the solution of eq. (2.6) is r = 1 ie a circular orbit with unit radius and dimensionless angular velocity ω 0 .
We now assume a scale factor that approaches a geodesically complete singularity. Using eq. (1.5) in (2.6) we find the geodesic equation
In the special case of a free particle (ω 0 = 0) the geodesic equation (2.7) reduces to (1.6) as expected. This equation is not well defined at the singularity t = 0 for η < 2 due to the divergence of the expansion force (last term in (2.7) shown in Fig. 1 . However, when transformed to comoving coordinates ρ ≡ r/a equation (1.6) is written asρ = 0 and the divergence at the singularity disappears in both comoving and physical coordinates given that the scale factor is finite at the singularity. Thus, in comoving coordinates, the geodesic equation is well defined at all times. In addition, the solution is finite on the singularity in both physical and comoving coordinates as discussed in the next section.
III. FREE PARTICLE GEODESICS THROUGH SUDDEN SINGULARITIES
The general solution of the free particle geodesic equation (1.6) through the singularity is a superposition of two independent solutions each with definite parity (one even and one odd). It is of the form FIG. 2. The two linearly independent solutions for the geodesics of a free particle in a universe with a sudden singularity at t = 0 (η = 1.5, c = 2).
is defined as
where for various values of η with initial conditions corresponding to r = 1,ṙ = 0. The agreement between numerical and analytical solutions is very good. For these particular initial conditions the expansion of radius is initially slow (a superposition of the two independent solutions of Fig. 2) . However, the impulse at the singularity induces more rapid expansion (in accordance with the evolution of the two independent solutions) which grows faster for larger values of η as shown in Fig. 3 .
As expected, the geodesic solution remains finite at all times including the singularity at t = 0 even for values of η that correspond to an infinite impulse from the expansion force (0 < η < 1). In this parameter range however the divergence of the expansion impulse did not allow the derivation of the numerical solution and thus we have only ploted the analytical solution for η = 0.8 (lowest dashed curve in Fig. 3) .
The effects of the diverging impulse on the analytic solution are shown in Fig. 4 where we show in more detail near the singularity, the analytic solution r(t) and its time derivative as a function of time through the singularity. Clearly for η < 1 the force impulse diverges and so does the discontinuity of the velocityṙ (blue line in Fig. 4b ) while for η > 1 the discontinuity remains finite (red line in Fig. 4b) . Despite of these discontinuities the analytical solution r(t) is well defined in both cases even though its derivative diverges at the singularity for η < 1.
In the context of a bound system with the same initial condition, the expansion of the orbit after the singularity induced impulse could be eventually reversed by the gravitational attraction resulting in a deformed bound orbit. This reversal however is not possible for large enough induced impulse and in this case the bound system would get dissociated. These phenomena will be investigated in detail in the next section.
IV. BOUND SYSTEMS: DISSOCIATION OR DISRUPTION?
We now proceed to the full solution of the bound system geodesic equation (2.7) through the geodesically complete singularity for various parameter values. For ω 0 = 0 there is no analytical solution to eq. (2.7) even though this equation is almost identical to the modified Yermakov's equation [74] . We thus solve the rescaled geodesic equation (2.7) with initial condition corresponding to a circular orbit. We set r(t i ) = s andṙ(t i ) = 0 where s is a stable equilibrium point at t i obtained as root of the effective force at the RHS of eq. (2.7). Thus s is the minimum of the effective potential
Since the effects of the expansion are initially unimportant in comparison with the gravitational forces, s is close to unity. These initial conditions correspond to an initially circular bound orbit. The impulse of the expansion force shown in Fig. 1 is expected to disrupt this circular orbit towards an elliptic orbit or if it can provide enough energy, to dissociate it to a free particle orbit. The angular solution ϕ(t) is obtained from the solution r(t) by integrating eq. (2.4) leading to the bound system orbit evolving through the singularity. The solutions r(t) and ϕ(t) are shown in Fig. 5 for two values of the parameter c with η = 1.5 and ω 0 = 20. The value c = 15 (continous blue line) is above the critical value for dissociation c cr 14 and the expansion impulse at the singularity provides enough energy to dissociate the system. This dissociation manifests itself as an unbounded increase of r(t) for t > 0 (Fig. 5a ) while the angular coordinate remains constant (Fig. 5b) . For c = 13 (red dashed line) below the critical value for dissociation, the expansion impulse disrupts the bound system but it is not energetic enough to dissociate it. The radial coordinate becomes oscillatory while the angular coordinate continues to increase monotonically. The circular bound trajectory is disrupted to an elliptic one. This is shown more clearly in Fig. 6 where we show the two trajectories in cartesian coordinates. At the time of the singularity, indicated on Fig. 6 by the label 't = 0', the initial circular orbit is transformed to either an elliptic orbit (for c = 13) or to a free straight line trajectory (for c = 15).
We now use energetic considerations to obtain an analytical estimate of the critical values c cr (η, ω 0 ) of the parameter c such that for c > c cr the expansion impulse due to the singularity is energetic enough to dissociate the bound system. Ignoring the contribution of the expansion away from the singularity, the binding energy of the system (depth of the effective potential (4.1)) is
The velocity change due to the expansion impulse is found by setting r 1 (approximate equilibrium radius) and integrating the expansion force in a large enough time interval T around the singularity as
By demanding that the kinetic energy gained due to the expansion impulse is equal to the binding energy of the system we obtain ∆ṙ(c, η, T ) 2 = ω where 0 < λ 1 (η) < 1 is obtained by demanding agreement with the numerical results and is found to depend weakly only on η while it is independent of ω 0 . For example we have found that λ 1 (1.5) λ 1 (1.6) = 0.85 while λ(1.1) = 0.075. For such values of λ 1 the roots of eq. (4.5) lead to the correct values of c cr shown in Fig. 7 within about 3% for all values of ω 0 shown in Fig. 7 . As shown in Fig. 7 , as the value of η decreases towards η = 1 the value of c cr decreases towards 0 and for η = 1 we have c cr = 0 implying that for η ≤ 1 all values of c > 0 lead to bound system dissociation as expected due to the diverging impulse induced by the expansion for this range of η.
For c < 0 the impulse of the expansion force is towards the center of the circular orbit leading to deformation of the system and no dissociation is observed for any value of c. The corresponding singularity for 1 < η < 2 is known as Big Brake [62] . A typical deformation of the circular orbit through the Big Brake singularity is shown The critical parameter ccr for bound system dissociation. The points were obtained using both the empirical formula and a numerical simulation confirmation while the lines interpolate through these points. Bound systems dissociate for c > ccr. As expected more tightly bound systems (larger ω0) require a larger impulse to dissociate (larger value of c).
in Fig. 8 . In the case of Big Brake the scale factor (1.5) has two roots (one before and one after the singularity) at 
V. CONCLUSION
We have derived analytically and numerically the form of free particle geodesics through SFS and demonstrated their existence when the scale factor is finite through the singularity.
We have also demonstrated that bound systems can survive through SFS provided that the impulse they receive at the singularity is less than a critical value which corresponds to a critical value of the parameter determining the form of the scale factor through the SFS. This critical parameter c cr (η, ω 0 ) depends both on the exponent η of the scale factor and on the mass and scale of the bound system through the parameter ω 0 .
Bound systems that have survived through a SFS suffer deformations that may be detectable through cosmological observations. For example spiral galaxies that have gone through a SFS would have elongated and deformed spiral arms.
The detailed form of the predicted deformation of many particle multi-orbit systems is an interesting extension of the present analysis. In the context of such an analysis and after comparison with the observed forms of bound systems like clusters and galaxies it may be possible to obtain bounds on the strength of possible SFS in our past light cone or to detect signatures of such events in the form of existing bound systems.
Numerical Analysis: The Mathematica file that led to the production of the figures may be downloaded from here.
